Abstract: We study four-dimensional heterotic flux vacua with N=2 spacetime supersymmetry. A worldsheet perspective is used to clarify quantization conditions associated to the fluxes and the constraints these place on the moduli spaces of resulting compactifications. We propose that these vacua fit naturally in the context of heterotic/IIA duality as heterotic duals to compactifications on K3-fibered but not elliptically fibered Calabi-Yau three-folds. We present some examples of such potential dual pairs.
Introduction
String compactifications preserving N=2 super-Poincaré invariance in four dimensions provide a demarkation line between comparatively constrained and well-understood vacua with more supercharges and the murkier N=1 and N=0 string vacua. In the N=2 context, many questions that would be boring in N>2 theories or very difficult in N<2 theories seem to be within grasp. One of the most powerful tools at our disposal is type II/ heterotic duality in four dimensions [1, 2] ( standard reviews are [3, 4] ). The most familiar examples of dual pairs are of a type IIA compactification on an elliptically fibered Calabi-Yau three-fold and a heterotic compactification on the product manifold T 2 × K3. The geometries involved can be constrained further by demanding that the moduli space of the N = 2 theory contains limiting points with local geometry that is recognizably that of a well-behaved string compactification. For instance, we typically assume that the moduli space contains the weakly coupled heterotic string that is mapped to a large radius limit of a IIA compactification on a smooth Calabi-Yau three-fold Y . In this case, under relatively weak assumptions, one can show that Y must be a K3-fibered manifold [5, 6] . One might also wish to consider a situation where the heterotic conformal field theory is described by a large radius non-linear sigma model. In this case, the dual Y should admit an elliptic fibration compatible with the K3 fibration [4] .
What happens when the heterotic worldsheet theory does not have a large radius limit? For instance, we might expect a generic heterotic flux compactification to have this feature; do such theories have type II duals? The aim of this work is to begin an exploration of these questions. In brief, our suggestion is that perturbative heterotic flux compactifications, where the heterotic three-form flux is non-trivial at tree-level in α ′ , should be naturally dual to type IIA string theory compactified on a Calabi-Yau manifold that admits a K3 fibration but no compatible elliptic fibration with section. This article will mainly be concerned with the heterotic worldsheet description of N=2 vacua. Although this subject has been explored before, we aim to give a fairly complete and comprehensible description of various requirements for the existence of the vacuum, the geometric realization of certain required properties of the internal superconformal theory, as well the space of marginal deformations that preserve these properties.
The general heterotic construction is presented in section 2. The upshot is that the geometric structure is a principal T 2 bundle X → M over a K3 manifold M equipped with a vector bundle E → X that admits a Hermitian Yang-Mills connection. T-duality suggests that the worldsheet consequences of a non-trivial T 2 fibration are similar to choosing E to be a line bundle over M . Since this informs much of our intuition, we review the structure of such instantons on K3 in section 3.
In section 4 we turn to discuss potential IIA dual descriptions of various heterotic flux vacua. We present a few samples of interesting potential duals, obtained by various choices of fluxes. We refer to these as potential duals because at this point our evidence for duality might be fairly called "zeroth order" : we construct a heterotic flux vacuum with gauge group G = U(1) n and N 0 H neutral hypermultiplets and then check whether a known Calabi-Yau can realize such a massless spectrum. In a future work we plan to study more detailed checks of the correspondence, for instance by studying details of the vector moduli space metric and higher derivative corrections.
Finally, in section 5 we discuss fibered WZW models and show that the heterotic presentation of one of the earliest models figuring in IIA/heterotic duality-the ST model with N V = 2 and N H = 129 [1] -can be usefully thought of as a flux vacuum. Generalizations of this construction will certainly lead to additional interesting examples of heterotic vacua.
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A review of heterotic N=compactifications
The worldsheet theory for a critical perturbative heterotic string compactification with a 1 + 3-dimensional Minkowski vacuum decomposes into four non-interacting components: the (c, c) = (4, 6) free (0,1) SCFT describing the Minkowski directions, a unitary "internal" (0,1) SCFT with (c, c) = (c ′ , 9), a left-moving current algebra with (c, c) = (22 − c ′ , 0), and the (0,1) bc − βγ system with (c, c) = (−26, −15). The complete theory should admit a heterotic GSO projection leading to a tachyon-free spectrum and modular invariance. This structure is further restricted in vacua with spacetime supersymmetry. Vacua with N=1 spacetime supersymmetry require the internal theory to be a (0,2) SCFT with integral R-charges [7] [8] [9] , and N=2 spacetime supersymmetry, the case of interest for this paper, requires the right-moving superconformal algebra (SCA) to decompose into a product of a c = 3 and c = 6 algebras with, respectively, (0,2) and (0,4) supersymmetry [10, 11] .
The spacetime gauge symmetry provides an important and relatively straightforward characterization of any perturbative heterotic vacuum. 1 There are two ways to construct vertex operators for the emission of spacetime gauge bosons. If we label the Minkowski (0,1) multiplets as ( X, χ), where χ are the four right-moving fermions, and denote the spin field for the β-γ system by e −ϕ , then we have, in the −1-picture [14, 15] ,
where J L is a left-moving current (belonging either to the internal theory or the additional left-moving current algebra) with conformal weights (h, h) = (1, 0), and Ψ R is a rightmoving fermion with (h, h) = (0, 1/2). The latter operator is the lowest component of a (0,1) superconformal current algebra (SCCA). The existence of SCCAs leads to strong constraints on the theory [16] . For instance, a theory with a non-abelian SCCA does not have any massless fermions in the spectrum, while an abelian SCCA is equivalent to a free compact (0,1) SCFT, and its presence implies that the compactification has a non-chiral spectrum; moreover, every massless fermion must be neutral with respect to an abelian SCCA.
and the (0,1) supercharge Q 1 acts on a superfield X by
We will have use for two types of multiplets:
As usual, φ µ (z, z), µ = 1, . . . , 6, are local coordinates for the map from Σ to the target space X, while their partners ψ µ are sections of K
. . , 32, are the left-moving fermions and the L A are auxiliary fields;
, where E → X is a vector bundle with structure group G E ⊂ SO (32) or
The classical action is specified in terms of metric g, B-field B on X, and a connection A on E. We will focus exclusively on connections A that have a regular embedding in so (32) or so(16) × so (16) , so that we can think of A as valued in the appropriate fundamental representation. More general cases require a more sophisticated worldsheet treatment [18] . The superspace action is then (we set α ′ = 2)
and the equations of motion are
The component action, with auxiliary fields L eliminated by their equations of motion, is 9) where F = dA + A 2 is the curvature of the connection A. Note that while the kinetic terms for the left-and right-moving fermions appear to have a very different form, we can use a vielbein e a µ and its inverse E aµ to express the action in terms of frame bundle fermions ψ a ≡ e a µ ψ µ with the result 10) where S ± denote the spin connection ω twisted by H = dB:
The Green-Schwarz mechanism and the one-loop effective action
The classical action is invariant under gauge transformations 12) where the gauge parameter ǫ is pulled back from the target space. Similarly, the action is invariant under Lorentz transformations 4 δ κ ψ = κψ and
As is well-known, these transformations are in general anomalous [7, 19] . Demanding that the symmetries are preserved requires non-trivial transformations of the B-field, and the resulting Bianchi identity leads to the global constraint p 1 (T X ) = p 1 (E). This is of course the worldsheet manifestation of the Green-Schwarz mechanism.
Even if the Bianchi identity is satisfied, we might worry whether the counter-terms required to preserve the gauge invariance are (0,1) supersymmetric. Fortunately, this is the case [19] , with the result a delicate combination of local counter-terms and non-local non-covariant terms in the effective action. We will have use for the particular form of these terms, so we review the details of the computation of [19] in appendix A. The result of the background field computation is that to quadratic order in A and S + the non-covariant contribution from the one-loop effective action is a sum of three terms:
(2.14)
Note that tr{· · · } denotes either the fundamental of so(32) or so(6), depending on whether the argument is a gauge or Lorentz object. As the name suggests, this contribution is canceled by adding S c.t. , a finite local counter-term, to the action. The "truly non-local" contributions are
Here the subscripts denote the superspace coordinates of the fields and derivatives; for example,
Note the obvious but useful fact that ∆S S + is obtained from ∆S A by switching the overall sign and replacing A → S + . While the effective action is explicitly (0,1) supersymmetric, it is not gauge-invariant.
The supersymmetry identity
shows that under linearized transformations δ ǫ A = −dǫ and δ κ S + = −dκ, the action transforms by a local term
This variation is canceled by postulating the B-field transformation
That means the gauge-invariant three-form is
The result has been obtained to quadratic order in A and S + , but we expect (and will assume) that inclusion of the higher order terms will lead to the non-linear covariant form.
Anomalies and relevant characteristic classes
Having reviewed the (0,1) NLSM and the mechanism of anomaly cancelation, we will now discuss some global conditions necessary for consistent perturbative heterotic compactifications in the RNS formalism.
Restoring α ′ and evaluating dH leads to the familiar form of the Bianchi identity 21) where R + = dS + + S 2 + is the curvature of the twisted spin connection. This leads to a topological condition on the first Pontryagin classes of E and T X . As the normalization of these will play a role in our analysis, we will quickly review a few basic facts about these classes. This is standard and classic, see e.g. [20, 21] for differential aspects and [22] for the algebraic topology.
Given a connection A for a principal G-bundle P → X, the first Pontryagin class is a basic topological invariant constructed from the curvature F = dA + A 2 :
Here g is the Lie algebra of G, h g is the dual Coxeter number, and Tr{· · · }, the trace in the adjoint representation, is normalized so that the highest root has length-squared 2.
In this work we are interested in heterotic gauge bundles that are constructible by starting with a free fermion representation of E 8 × E 8 or Spin(32)/Z 2 and gauging a subset of the global symmetries. Thus it is natural to think of a rank k vector bundle E with asso-ciated principal bundle as above, and we will write p 1 (E) for the corresponding Pontryagin class. The Bianchi identity (2.21) implies p 1 (E) = p 1 (T X ) in H 4 (X, R).
In general, a compactification that solves the Bianchi identity still suffers from a global anomaly [23] [24] [25] if a Stiefel-Whitney class w 1 (E) or w 2 (E) is non-zero. For a Hermitian bundle E this anomaly is absent provided
The spacetime origin of this condition is not too hard to understand. Consider, for example, a compactification of the E 8 × E 8 string with bundle E and g E ⊂ so(16) ⊂ e 8 . The tendimensional e 8 gauge bosons decompose as 248 = 120 ⊕ 128 under the so (16) , and all of these correspond to (possibly massive) states in the theory; however, in order for an so (16) bundle to have spinor representations, E must have vanishing second Stiefel-Whitney class -w 2 (E) = 0 [26] . 5 If E is Hermitian, then w 2 (E) = c 1 (E) mod 2, and we recover the familiar condition on the first Chern class. For even more mundane reasons X must be spin, so that w 1 (T X ) = w 2 (T X ) = 0 as well. Finally, note that for an orientable vector bundle E we have [22] 
). The Bianchi identity is then required to hold in integral cohomology [23, 24] as
2.4 Constraints from (0,2)+(0,4) supersymmetry
We will now review the conditions under which (0,1) supersymmetry of the NLSM is enhanced to the full (0,2)+(0,4) necessary for N=2 spacetime supersymmetry. 6 These were considered in [27] , but the presentation we will now give will be a bit simpler and will close a small gap in the arguments of [27] . A good starting point for the constraints is to demand that the NLSM give a realization of the c = 3 algebra of (2.2). In order for this symmetry to be manifest in the geometric description, the metric g µν must have two commuting isometries ∂/∂θ I , which means the target space X takes the form of a T 2 fibration X → M , with metric 26) where the y i are local coordinates on M , the connections A I describe the fibration structure, and G IJ is some (possibly base-dependent) metric in the fiber directions. Similarly, the gauge connection and B-field can be decomposed as
The tree-level superspace action (2.7) splits as S = S base + S fib with 7 28) where Φ i (Φ I ) correspond to the base (fiber) coordinates, and the covariant derivatives are
Expanding these in components we find We can give a similar expansion of the non-local terms in (2.16). We have
To obtain ∆S S + from ∆S A write S + = S + +s + I Θ I ; now flip the sign of ∆S A and substitute A → S + , a → s + .
The torus symmetries
The chiral symmetries necessary for the c = 3 algebra require that the background be chosen such that ∂Ψ I = 0 up to equations of motion and that
are symmetries of the action. Under a variation δΦ I we find δS base = 0, and
We also find 34) as well as a similar term for δ∆S S + .
To obtain ∂Ψ I = 0 as an equation of motion requires the variation of the full action to be proportional to δΦ I E IJ ∂D θ Φ J for some invertible E IJ . Clearly this places strong constraints on the background geometry. To start, consider the contributions to (2.33) that involve the Λ multiplets. Using the Λ equations of motion these can be rewritten as
Here ∇ = d + A is the gauge-covariant derivative on the base. These contributions cannot be canceled by any others, so we obtain our first constraints on the background:
These conditions imply that F has no fiber components:
Next we will examine the non-local terms in the variation. Here we face an awkward issue since the terms quadratic in A and S + are not by themselves explicitly covariant. On the other hand, we expect the conditions on the background to be covariant, so we will assume that inclusion of the higher order contributions will yield covariant expressions. With this assumption we see that since ∇a I = da I + [ A, a I ], we can neglect derivatives of a I in δ∆S A . The variation of ∆S A is then purely local:
The remaining non-local term from δ∆S S + must vanish by itself, which leads to ds + I = 0 to leading order in the background. The obvious covariant form of this condition is ∇s + I = 0, and the remaining variation of δ∆S S + is
Since now all terms in δ∆S are proportional to ∂Φ i DΦ j , the terms proportional to ∂Φ j D θ Φ K and DΦ j D z Φ K in (2.33) must vanish by themselves. Thus, we find another constraint:
The latter condition means 41) and expanding the gauge-invariant three form H in a similar horizontal-vertical decomposition H = H + H I Θ I we find
Comparing the remaining terms in the variation with H I , we see that
Thus, we will obtain the desired equation of motion ∂Ψ I = 0 if
The conditions in (2.36, 2.40, 2.44), together with ∇s + I = 0, are also sufficient to ensure that the action possesses the expected chiral symmetry (2.32).
Using (2.44) and (2.40) we find another important simplification on the background: s + I = 0. To see this, write the metric g and (torsion-free, metric-compatible) spin connection ω with base(fiber) frame indices a, b (A, B) as
A short computation shows ω a b is the spin connection for the base metric g, and the remaining non-vanishing components of ω, ω are
Plugging this into the expression for S + in (2.11) yields
We expect the proper covariant form s + I to be given by replacing d B Iba → H Iba , and from (2.44) we conclude that
This means that the curvature R + has no fiber components, and since the same is true of F, the characteristic classes in the Bianchi identity are purely horizontal:
Remaining conditions
We will now discuss the remaining conditions that lead to the NLSM with a manifest (0,2)+(0,4) symmetry [27] . Having ensured that the fiber fermions Ψ I behave as the free fermions of the (0,2) algebra, the U(1) R symmetry of the (0,2) algebra is generated by
For r to be a symmetry of the action I must be constant and G-compatible. The SU(2) R symmetry generators R a leave the Ψ I invariant and act on the base fermions by
Requiring that the action is invariant leads to K a = 0 as well as
(2.52)
In order to realize the SU(2) algebra on the fields we should also have
Recall the manner in which the (0,1) supersymmetry is enhanced to (0,2) [7, 8] . Given the R-symmetry generator R, the known supercharge Q 1 , and the translation generator P = Q 2 1 =∂, we can define a second supersymmetry generator Q 2 ≡ i[Q 1 , R] and demand that these operators close to the (0,2) algebra with non-trivial commutators
It is not hard to show using the Jacobi identity that this will hold if R and P commute and
In the case at hand there are a number of (0,2) sub-algebras with R = ±r +R a ; closure requires I and K a to be complex structures for the fiber and base directions, respectively. In a similar fashion we can construct the remaining generators of (0,2)+(0,4) and check closure of the full algebra. This does not lead to additional constraints [27] . Since we will perform a similar computation in section 5, we will not discuss it further here.
Geometric interpretation
This, together with the metric compatibility condition, shows that the base manifold M is a hyper-Hermitian surface [28] with a triplet of Hermitian forms (J a ) ij = K k ai g kj . These can be shown to satisfy
where β is a closed 1-form determined solely by the base metric g. The remaining conditions in (2.52) constrain H = − * g β and the F J and F to be (1,1) with respect to all three complex structures. The latter is equivalent to F J and F being anti-self-dual.
Compact hyper-Hermitian surfaces were classified in [29] . 8 The result is that M is conformal to one of the following: T 4 with its flat metric, K3 with its hyper-Kähler metric, or a Hopf surface. Examination of the Bianchi identity shows that M = T 4 requires the fibration to be trivial [32] . Hopf surfaces [33] are excluded for a more subtle reason: the resulting total space X does not admit a conformally balanced metric, or equivalently, does not have a holomorphically trivial canonical bundle [27] . 9 So, to summarize, (0,2)+(0,4) supersymmetry implies that the NLSM target space X is either T 6 without flux, or it is a (possibly trivial) principal T 2 bundle over M = K3 with ASD connections A I . The gauge bundle data is an ASD connection A together with a choice of covariantly constant and commuting "Wilson lines" a I . Duality arguments [37] , as well as explicit existence results [32, 38] show that the requisite connections and metric g exist. The resulting NLSM describes a heterotic vacuum with N=2 supersymmetry at one loop in α ′ .
Moduli and flux quantization
Given the existence of a perturbative N=2 vacuum, the next natural question is the characterization of its vector-and hypermultiplet moduli spaces. While describing the full geometry is not so simple, at least finding the dimensions is reasonably straightforward. To orient the discussion in the flux case, consider the trivial fibration X = T 2 × K3. In this case the moduli are arranged as follows.
1. The gauge-neutral hypermultiplets correspond to moduli of the ASD connection A and the geometric (including the B-field) moduli of the K3.
2. The axio-dilaton resides in a privileged vector multiplet; we described how the corresponding gauge boson arises from the right-moving SCCA.
3. The remaining vector moduli consist of the constant Wilson lines a I in the Cartan subalgebra of the spacetime gauge group, as well as the two parameters τ and ρ for the complex structure and complexified Kähler form on T 2 .
How does this picture change in a flux vacuum? The axio-dilaton structure remains unchanged. The gauge-neutral hypermultiplets correspond to moduli of A and the base geometry that preserve the (0,2)+(0,4) conditions. The resulting restrictions on the geometric moduli are well-understood: they are essentially the same as those that arise in the case of abelian instantons discussed in section 3.1. In this section we will concentrate on the vector moduli associated to the torus.
These are clearly modified since the left-moving symmetries δφ I = v I (z) are explicitly broken by the non-trivial curvatures F I . 10 On the other hand, nothing in our construction so far has placed any restrictions on the torus metric and B-field G and b. As we will now argue, the requisite restrictions arise due to quantization conditions on H. In general such quantization conditions arise from a proper interpretation of the heterotic B-field [39] , and the case at hand is a nice illustration of the general notions. For us the basic point is that unlike in the familiar type II case, where B is a connection on an abelian gerbe, so that H ∈ H 3 (X, 4π 2 α ′ Z) [40, 41] , in the heterotic case B is a torsor over the group of connections on abelian gerbes: i.e. given a B for fixed E and X, any other B ′ for the same data arises as B ′ = B + B g for some unique gerbe connection B g . 11
Significance of
To describe the quantization conditions, we first return to (2.42) and rewrite it by using H I = −G IJ F J and s + I = 0. Restoring α ′ , this leads to
where
Note that ∇a I = 0 implies G * IJ is constant and tr{a I F} is closed. Let us consider the gauge, Lorentz, and gerbe transformations of B in more detail. Parametrizing the transformations by, respectively, ǫ, κ, and the one-form Λ = Λ + Λ I Θ I , we find that the components of B transform as
10 This assumes that the F I are linearly independent; a left-moving symmetry and corresponding gauge boson can be preserved if the F I are linearly dependent in H 2 (M, 2πZ). 11 A precise formulation of this may be found in [42] ; we thank S. Katz for pointing out this reference.
We can usefully untangle some of these transformations via the redefinitions
which lead to
Evidently, B ′ I behave as connections on two line bundles, and the curvatures d B ′ I have to be separately quantized. To determine the precise quantization conditions, we note that the Bianchi identity takes the form
The cohomological Bianchi identity is then given by
Since the last two terms are quantized, the first term must be quantized as well, and we see that the integrality is preserved under shifts of d B ′ I by elements of H 2 (M, 2πα ′ Z). Thus, we conclude that the appropriate quantization condition for d B ′ I is
Setting for the moment tr{a I F} = 0, we see that for linearly independent F I this leads to a quantization of G * and b.
It is straightforward to include the modifications when a I F = 0; however, giving a general discussion of the possibilities is a bit awkward. Instead of doing so, we will point out two important cases. First, when A is an irreducible connection, i.e. where the holonomy of the connection is the expected group G E , then ∇a I = 0 requires a I to be constant and valued in g ′ , the commutant of g E in so(16) × so(16) or so (32) . It is easy to see this when G E = SO(k) or G E = U(k); to illustrate this, we will examine the former case. 64) we find that ∇a I = 0 holds iff da ′ I = 0, while a I and b I are covariantly constant and, in particular, invariant under parallel transport. If either of these is non-zero, then it must be that the holonomy group of the connection is a proper subgroup of SO(k), and hence the connection is reducible.
Decomposing the connection and Wilson lines as
Thus, we see that when the connection is irreducible a I F = 0. In this case the spacetime gauge algebra is g ′ , and the commuting constant Wilson lines a ′ I ∈ g ′ parametrize the Coulomb branch for the g ′ vector multiplets. Note, however, that the quantization condition does involve these a I , since it is G * and not G that is quantized.
When the connection A is reducible, tr{a I F } need not be zero. A simple example of this is obtained by taking G E = SO (2) . In the fundamental representation appropriate to the free fermion construction we have (ignoring the commutant) 65) so that the quantization condition reads
As long as F I and F 1 define linearly independent classes there are separate quantization conditions on G * , b and α I . However, if there is a linear dependence, say F = m J F J , then the quantization conditions are weaker: 67) leaving the w I unfixed. However, in this case we also expect an additional massless gauge boson, and the w I will be the scalars in the corresponding vector multiplet.
Instantons on K3
In this section we will review a few results on characteristic classes and instantons on a K3 manifold M . These will be useful in constructing explicit examples of N = 2 heterotic vacua. For the most part this is standard material, with nice presentations in [43, 44] . First, we note that if the SO(d) structure of a manifold X is reduced to SU(d), then
Given a vector bundle E → M with structure group a connected simple group G E , we can form an associated principal G E bundle P → M . The topological classification of such bundles on compact connected four-dimensional Riemannian manifolds is discussed in the appendix of [45] . The result is that for simply connected G E the bundles P → M are classified by the first Pontryagin class. When G E is not simply connected, one more topological invariant is needed -a choice of a map from the classifying space to H 2 (M, π 1 (G E )). Indeed we already encountered an example of this invariant for G E = SO(k): the Stiefel-Whitney class
The moduli space M(A) of anti-self-dual (ASD) connections (when such connections exist) modulo gauge transformations has quaternionic dimension determined by an index computation combined with some vanishing theorems [20] 13
For ASD connections p 1 (E) < 0; for example, for G = SU(n) we have p 1 (E) = −2c 2 (E) and N 0 H = nc 2 (E) − n 2 + 1. Unlike the more involved case of HYM connections over higher dimensional Calabi-Yau manifolds, there is no possibility of higher obstructions: given a smooth HYM connection over a smooth M , the N 0 H deformations of the connection, as well as the deformations of the Calabi-Yau metric and B-field on M can all be integrated to finite deformations.
Abelian instantons
The moduli space of irreducible connections is compactified by including reducible connections. Some of these correspond to point-like instantons and lead either to strongly coupled CFT (when the zero-size instanton is located on a smooth point in M ) [48] or important string non-perturbative effects (when the zero-size instanton is located at a singularity) [12] . The latter have been used to great effect in [13] . In this work we will stick to theories where the NLSM is a good description, so we will not discuss the zero-size instantons. However, there are plenty of reducible connections where the theory remains weakly coupled. Perhaps the nicest example of such limiting points is provided by abelian instantons, where the structure group is reduced to U(1) m , or equivalently, the vector bun-
, and for generic complex structure Pic(M ) will be empty. Let J and Ω be, respectively, the Kähler and holomorphic (2,0) forms on M . Then denoting by · the intersection product
Accounting for an SU(2) rotation of (J, Re Ω, Im Ω), these specify a 58-dimensional family of SU(2) structures on M ; by Yau's theorem each point in this moduli space determines a unique hyper-Kähler metric on M . As is familiar, the moduli space of the corresponding (0,4) conformal theory includes a choice of closed B ∈ H 2 (M, R), leading to a quaternionicKähler moduli space of real dimension 80. 14 If we demand that M also admits a holomorphic line bundle L a with connection A a and curvature
If we also demand that the curvature F a is ASD, then J · F a = 0. Thus, every linearly independent c 1 (L a ) ∈ Pic(M ) reduces the real dimension of compatible metrics by 3. The GreenSchwarz mechanism leads to an additional reduction in the CFT moduli space. This follows from (2.19) because under global gauge transformations with constant parameters ǫ a the B-field shifts by δB = − 1 2 ǫ a F a , so that the B-field moduli, instead of residing in H 2 (M, R) are actually characterized by
a L a with k linearly independent classes c 1 (L a ), then the quaternionic dimension of the CFT moduli space is reduced by k.
The left-moving current algebra is also affected by the non-trivial abelian instantons. Very naively, one might think that the current algebra should be the commutant of g E ⊂ so(32) or e 8 ⊕ e 8 ; however, the gauge transforming components of the B-field act as Stückelberg fields that give masses to the U(1) k gauge bosons. The spacetime interpretation of this phenomenon goes back to [50] ; it has been discussed in the K3 context in, for instance, [44, 51] , and more recently in the context of F-theory/heterotic compactifications on Calabi-Yau three-folds in [52, 53] . The worldsheet mechanism has been recently discussed in [54] .
Some massless spectra
Let us describe some examples of heterotic compactifications with 8 supercharges and abelian instantons; in what follows we will see a very similar structure for heterotic flux vacua. For concreteness we work with the Spin(32)/Z 2 string.
To descirbe the line bundle E = ⊕ m a=1 L a in the free fermion construction we group the 32 fermions λ A into m Weyl fermions λ a and their conjugates λ a and 32 − 2m free fermions
and F a = dA a ∈ 2πH 2 (M, Z). The anomaly cancelation conditions are then
Assuming that we can make the corresponding NLSM weakly coupled, the naive spectrum of massless fermions has a simple presentation [55] . This is especially true for the Spin(32)/Z 2 string since, unlike in the E 8 × E 8 string, all massless states arise in the (NS,R) sector. Labeling the right-moving fermion zero modes ψ ı and ψ i , we take the ground state to be annihilated by the ψ i , so that the low energy states take the form
where ω belongs to an appropriate Dolbeault cohomology group. The possible left-moving GSO-invariant left-moving excitations either involve λ A −1/2 λ B −1/2 or ∂φ i . Ignoring the com-plex conjugate states to avoid double-counting, the possible states are
As discussed above, the last two types of states mix, and only certain linear combinations are massless. If all m classes c 1 (L a ) are linearly independent in H 2 (M, R), then all of the U(1) m gauginos are massive, and there remain 20 − m K3 moduli. Linear dependence will lead to enhanced gauge symmetries and additional moduli, but for simplicity we will stick to the case of m independent classes. In a theory with 8 supercharges we need not worry about higher order obstructions, so that every first order deformation we find can be integrated up to a finite deformation. In this case we can use the index theorem to compute the number of massless states. 15 The Hirzebruch-Riemann-Roch theorem for a Hermitian bundle E on M states that
which for a line bundle L on M reduces to the familiar [56] 
This is clearly an integer since the intersection form on M is even. Applying this to the states above, we find that the massless spectrum consists of the so(32 − 2m) vector multiplets, N + H hypers in the fundamental representation of so(32 − 2m) and N 0 H neutral hypers with
where we used a c 1 (L a ) 2 = −48. We can see that N V − N H = 244 as is appropriate for a perturbative heterotic spectrum in 6 dimensions. This six-dimensional theory can be compactified further on T 2 ; by turning on Wilson lines for the gauge fields along the torus, i.e. the vector multiplet moduli in the fourdimensional theory, we can break so(32 − 2m) → u(1) ⊕(16−m) ; at a sufficiently generic point this also lifts all of the charged matter hypers. Combining the resulting massless states with the three U(1) vector multiplets due to T 2 , we find a four-dimensional theory with All of these are realized by known constructions. 16 
Criteria for smooth M
The list of models above terminates at m = 12. A reason to distrust the results for m > 12 is that N + H becomes negative; however, in our geometric description there is a more direct way of identifying a problem. Recall that a K3 M is singular if and only if Pic(M ) contains a −2 curve of zero size [3, 57] . Equivalently, M is singular if and only if it admits an abelian instanton with c 1 (L) 2 = −2. Since the K3 intersection lattice is even, an abelian instanton, since it is anti-self-dual, satisfies c 1 (L) 2 ≤ −2; therefore for m > 12 M is necessarily singular, with a point-like instanton supported at the singularity. This sort of singularity in the CFT is outside of the domain of string perturbation theory, and its resolution is often accompanied by enhanced gauge symmetries and extra matter states.
For m ≤ 12 it is possible to realize the instanton configuration on a smooth M . Consider M to be the Kummer surface, i.e. T 4 /Z 2 blown up at the 16 singular points, with exceptional divisors E i , i = 0, . . . , 15. These have self intersection E i · E j = −2δ ij . Consider the 12 linearly independent divisors
Evidently the corresponding line bundles L a have c 1 (L a ) 2 = −4. In addition, a c 1 (L a ) = 0 mod 2, so that (3.4) is satisfied. The last point uses the fact (see appendix B of [58] for a clear presentation of a nice basis of H 2 (M, Z)) that the classes
are in the Kummer lattice. Finally, each L a will admit an ASD connection if we take all of the exceptional divisors to have a common size J(E a ) = j. By taking linear combinations of the D a we can produce all of the m < 12 examples. For instance, we obtain the m = 1 example by taking D = a D a .
Some potential IIA duals of heterotic flux vacua
Having discussed the heterotic worldsheet theory at some length, we now turn to their potential type II duals. A generic heterotic vacuum will not have a weakly-coupled type II dual, and to describe its non-perturbative features requires some more general formalism in the spirit of F-theory. However, there is a non-trivial class of string vacua that include weakly coupled type II and heterotic limiting points in the moduli space. Identifying these tractable dual pairs is important since such vacua offer a nice laboratory for studying string non-perturbative effects. How do heterotic flux vacua fit into this class of theories? To frame the discussion let us first recall some powerful constraints on possible type II duals of perturbative heterotic vacua with eight supercharges. Quite early on it was appreciated that K3-fibered and elliptically-fibered Calabi-Yau three folds should play a special role in the duality [1, 2, 5] . The K3-fibration structure has a particularly elegant explanation from the perspective of the heterotic conformal field theory [6] . In the weak coupling limit, the special Kähler geometry of the vector moduli space has a universal form determined by a cubic prepotential [17] :
where S is the axio-dilaton modulus, the T i denote the remaining vector moduli, the F 1 0 is the one-loop correction, and the . . . signify string non-perturbative corrections. In the same notation, the prepotential F 1 -the coefficient of the R 2 coupling in the effective four-dimensional theory -has a universal form
If we suppose that the type IIA dual of this weakly coupled limit corresponds to a large radius phase of a compactification on a smooth Calabi-Yau 3-fold Y , then we can compare the above structure to the type II results. In this case, the structure of the vector moduli space is completely determined by the A-model topological string associated to Y , Table 1 . Examples of fibration structures in three-folds.
and neglecting worldsheet and perturbative corrections, the prepotentials are given by In addition, it is argued in [3, 6] that convergence of worldsheet instanton sums requires D 0 to be a numerically effective (NEF) divisor, i.e. for any algebraic curve C in Y , D 0 · C ≥ 0. These conditions are sufficient to show that Y is a K3 fibration, with D 0 being the class of the generic fiber [59] .
The F-theory perspective identifies another important fibration structure in type II Calabi-Yau compactifications: Y can be elliptically fibered with section. The conditions on divisors for the existence of such a fibration were studied in [59] and reviewed in [60] : there exists a NEF divisor D 1 (the class of the section) with D The relevance of this compatible elliptic fibration for heterotic/type II duality is a consequence of fiberwise application of the duality between F-theory on an elliptically fibered Calabi-Yau three-fold and heterotic compactification on a K3 [60] : if the heterotic description has a limit where the T 2 can be taken to be arbitrarily large, then Y admits a compatible elliptic fibration with at least one section (see [4] , in particular proposition 10). 17 In table 1 we provide some examples of three-folds, listing their Hodge numbers and note the existence of a K3 fibration (Π K3 ), elliptic fibration with section (Π E ) and their compatibility (C); many additional examples can be found in [5, 62, 63] .
With these facts in hand, we now see that there is a natural guess for weakly coupled duals to heterotic flux vacua. Since the K3-fibration structure follows from properties of the heterotic conformal field theory, we still expect the dual geometry Y to be K3-fibered; however, we have also seen that in a typical heterotic flux vacuum the torus geometry is fixed, and there is no six-dimensional decompactification limit. Thus, we can expect Y to lack a compatible elliptic fibration with section. Conversely, given a type II vacuum based on a K3-fibered Y without an elliptic fibration a perturbative heterotic dual, if it exists, must necessarily be a heterotic flux vacuum. 18 For instance, from our discussion it is clear that the large radius limit of the Y 18 hypersurface cannot be dual to a weakly coupled heterotic string, while the remaining examples can have weakly coupled duals. Indeed, the duals of Y 24 and Y 12 were proposed in [1] and subjected to further tests in [64] . The last example is familiar in the context of mirror symmetry [65, 66] ; it and Y 12 are the only known examples of a two-parameter K3-fibered Calabi-Yau three-fold hypersurface in a toric variety. Since neither example has an elliptic fibration, we do not expect the CFT of the heterotic dual to consist of decoupled T 2 and K3 components. We will construct some new potential heterotic duals for interesting K3-fibered Y with with low Hodge numbers below. First, however, we will examine some abelian instanton examples that are closely related to those in section 3.1.
Abelian instanton examples
We consider again the Spin(32)/Z 2 string with bundle E = ⊕ m a=1 L a describing the abelian instantons and bundles L 1 , L 2 describing the torus fibration. For simplicity we will take
, and all line bundles to be linearly independent. In this case anomaly cancelation requires
Note that this choice of G * with zero Wilson lines does not lead to any enhanced gauge symmetry -the T 2 is a square torus with equal radii α ′ /2; in our conventions the self-dual radius is
2 , a smooth M requires m ≤ 12 + k/4, and using the divisors in (3.12) it is possible to construct L a such that a c 1 (L a ) is an even class and the cohomological Bianchi identity is satisfied. The resulting spectrum is then easily evaluated. Let n = 0, 1, 2 be the number of non-trivial L 1,2 . Then the unbroken gauge group is U(1) 3−n × SO(32 − 2m), and the matter consists of
These hypermultiplets are neutral under U(1) 3−n . At a generic point on the Coulomb branch the gauge group is broken to a Cartan subgroup, and all charged hypermultiplets become massive. The n = 0 case yields the spectra discussed above and listed in (3.11). Taking k = −4n for n = 1, 2, the Hodge numbers of potential IIA duals are listed in Table 2 . Potential duals for fibered T 2 and abelian instantons. The ✓ or ✗ in the last column indicate whether the Hodge numbers appear in the database of known Calabi-Yau three-folds maintained at http://cyexplorer.benjaminjurke.net.
fibrations and do not admit elliptic fibrations. We leave this for future investigation and instead turn to some examples with h 1,1 = 2.
IIA/heterotic dual pairs with two vector multiplets
One of the earliest examples of IIA/heterotic duality was obtained as follows [1] . The E 8 × E 8 heterotic string was compactified to d = 8 on a T 2 with τ = ρ, leading to an enhanced gauge symmetry U(1) 2 × SU(2) × E 8 × E 8 . This was then compactified further on a K3 manifold M with instantons
leaving a four-dimensional theory with gauge group U(1) 2 × E 7 × E 7 with 3 56s for each E 7 . Higgsing the E 7 × E 7 leads to N V = 2 and N H = 129, suggesting a dual Calabi-Yau geometry with h 1,1 = 2 and h 1,2 = 128. A comparison of the vector moduli space geometry in the two descriptions [64] offered a compelling test of the duality. It is instructive to carry out the same construction with more general values of instanton numbers
In order to have irreducible SU(2) connections we require k 0,1,2 ≥ 2, in which case the dimension of the moduli space is given by (3.1). Using the decomposition E 8 → SU(2)×E 7 , under which 248 = (3, 1) + (2, 56) + (1, 133), (4.8) and the index theorem, we see that the E 7 × E 7 -charged matter spectrum consists of 19
A necessary requirement to completely Higgs E 7 × E 7 is k 1,2 ≥ 9. If we assume that complete Higgsing is possible for k 1,2 ≥ 9, then on that Higgs branch we obtain a theory with G = U(1) 2 and a number of possibilities for the number of G-neutral hypermultiplets N 0 H :
(9, 9) 73 ✓ (9, 10) 101 ✓ (9, 11); (10, 10) 129 ✓ (9, 12); (10, 11) 156 ✗ (9, 13); (10, 12) ; (11, 11) 184 ✗ (4.10)
The middle row with k 1 = k 2 = 10 is the example discussed above. What of the first two rows? The corresponding Calabi-Yau three-folds exist, and they are indeed K3-fibered. They were constructed as co-dimension 2 complete intersections in toric varieties [63] .
There are no known examples of Calabi-Yau three-folds that could realize the spectra of the last two rows.
Our assumption about complete Higgsing may be too naive in the k = 9 case. The trouble is that sequential Higgsing G → G 1 → G 2 → · · · → 1, where at each step a vacuum expectation value is assigned to a single irreducible representation, does not lead to complete Higgsing. 20 As we discuss in appendix B, there is no trouble in choosing expectation values of the hypermultiplets so that the stabilizer subgroup is trivial; however, showing that such a configuration is indeed a supersymmetric vacuum is fairly involved. We have not been able to find a solution. Nevertheless, we find it encouraging that there exist Calabi-Yau manifolds as potential duals for k = 9 theories with full Higgsing. We will find a few more encouraging hints of that sort in what follows. It will be interesting to explore this in more detail and determine whether the "matching" Calabi-Yau manifolds are just a fluke, or whether complete non-sequential Higgsing is possible for k = 9.
Flux vacua from 8 dimensions
In this section we will use a variation of the construction of [1] to construct a heterotic flux vacuum potentially dual to an interesting K3-fibered CY manifold with h 1,1 = 2 and h 1,2 = 44. We begin by compactifying the E 8 × E 
In view of the discussion in section 3.2, there is no trouble in achieving this with a smooth M . In addition to fibering the torus, we also embed two SU(2) instantons in the non-abelian gauge group: 
charged hypermultiplets. When k 1 ≥ 6 there is no obstruction to sequential Higgsing of SO (12) via the chain SO(12) → SO(11) → · · · → SO(7) → G 2 → SU(3) → 1. 21 Assuming full Higgsing of the non-abelian factors, we obtain a theory with G = U(1) 2 and
neutral hypermultiplets. Not all massless spectra obtained in this way can be matched by known Calabi-Yau geometries; however, there are two examples that are particularly interesting:
These K3 fibrations were constructed in [63] .
If it is possible to completely Higgs E 7 with 5 half-hypers, then we find some additional interesting possibilities:
The first of these possibilities is a K3 fibration realized by a co-dimension 2 complete intersection in P 5 112222 [5] ; the second is realized by the familiar octic in P 4 11222 . These few examples are of course not meant to be exhaustive; we provide them just to illustrate that it is relatively easy to obtain interesting potential duals. Of course matching two non-negative integers from a fairly dense list of known Calabi-Yau threefolds is not by any means a proof of the duality. It will be interesting to study this further by matching vector moduli prepotentials. We leave further exploration of possible duals and more detailed checks of duality to future work. However, we hope we have convinced the reader that by including heterotic fluxes many new possibilities become available, even with relatively low Hodge numbers.
T-duality orbits
We end our discussion of flux vacua and their duals with a comment on T-duality. Heterotic compactifications on principal T n bundles admit a rich structure of T-dual orbits, which include physically equivalent vacua with topologically different backgrounds. For instance, it is possible to "trade" a fibered torus direction for an abelian instanton embedded in the gauge group [69] .
Despite this large equivalence, it is important to keep in mind that there are non-trivial restrictions on possible T-dual pairs. For instance, consider the T-duality orbit of a T 2 × K3 compactification. The perturbative gauge symmetry of the resulting four-dimensional vacuum necessarily includes a U(1) 3 symmetry. Since T-duality is a symmetry of the conformal field theory, every vacuum on the T-duality orbit will also contain the U(1) 3 factor. So, in particular, any heterotic flux vacuum without a U(1) 3 factor in its classical gauge group cannot be on the T-duality orbit of a theory given by a trivial fibration. Of course theories can still be connected by motion in the moduli space; however, that goes beyond considerations of T-duality orbits.
5 Fibered WZW models with (0,2)+(0,4) supersymmetry
In this section we return to consider the N V = 2, N H = 129 example of [1] . Our goal is to demonstrate that the heterotic description can be thought of as a flux vacuum, where the toroidal degrees of freedom are fibered over a K3 base M . The idea is simple: we present the torus with τ = ρ as a WZW model and then construct the (0,2)+(0,4) fibration over a K3 M by gauging the left-moving SU(2) symmetry of the WZW theory. This is of course not a new idea. Gauged WZW models [70, 71] have been used to construct examples of (0,2)-preserving vacua [72] . The construction of heterotic flux vacua in this fashion was exploited in [73] , where a gauged WZW model was coupled to a gauged linear sigma model description of the base. The novelty of our presentation of the fibration over the NLSM is the manifest (0,2)+(0,4) worldsheet supersymmetry.
WZW models with (0,1) supersymmetry
To construct the gauge-invariant action the worldsheet Σ is presented as a boundary of a three-manifold N : ∂N = Σ; we fix a Lie group G with Lie algebra g, a representation ρ : G → GL(V ρ ), denote maps Σ → ρ(G) by g and their extensions to N by g; the associated Maurer-Cartan form pulled back to Σ (N ) is denoted ω ( ω); ω = g −1 dg. Finally, we introduce a set of worldsheet fermions χ ∈ ρ(g) ⊗ K
The level k ∈ Z ≥0 (0,1) supersymmetric WZW action is [74, 75] 
The representation ρ is the smallest representation for which e −S G is independent of the choice of N for any integer k. For instance, for G = SU(n) ρ is the fundamental representation. In what follows we will drop the representation label ρ.
Under variations δg and δχ, the change in the action is
and using the identity∂ω = g∂ωg −1 , we find the equations of motion
The action S G is invariant under the (0,1) supersymmetry
We wish to couple this theory to the base NLSM for a K3 M with action 22
Gauge invariance of the bosonic theory
The first step in constructing a gauge-invariant theory is to introduce the minimal coupling ωA z to cancel
The resulting action is still not gauge-invariant, but there is a unique coupling quadratic in A such that δ U (S G + S A ) takes a canonical form [75] . Namely, we take
The last term can be canceled by a transformation of the B-field:
leading to a gauge-invariant three-form
Note that here the shift dB → H arises at the level of the classical action. Including the one-loop contributions we described above will shift H by CS 3 (S + ) and CS 3 (A), but we will concentrate on the classical terms due to gauging the WZW symmetry.
A supersymmetric fibration
It is possible to extend the construction to maintain (0,1) supersymmetry. It turns out that supersymmetry requires us to postulate gauge transformations of the χ: δ U χ = g −1 dU µ gψ µ , and the action takes a simple form when written in terms of the gauge-invariant fermions X ≡ χ + g −1 A ψ g. 23 The supersymmetry transformations, when written in terms of X are a bit more complicated: where F = dA + A 2 . The full supersymmetric fibered action is then a sum of three terms:
All the fermionic terms are explicitly gauge-invariant except for the term proportional to tr{(ω + A z )F µν }; it is not hard to show that it too is gauge-invariant.
Projection of the right-moving fermions
The degrees of freedom of the fibered WZW theory are not quite appropriate for our heterotic considerations: there are too many right-moving fermions X . The left and right central charges of the (0,1) WZW theory are
For our application we need a level 1 g = su(2) ⊕ u(1) current algebra with (c, c) = (2, 3) . To obtain the correct theory the X should be valued in the Cartan subalgebra h ⊂ g. To carry out this reduction of degrees of freedom in a supersymmetric fashion, we pick a projector Π h : g → h satisfying tr{xΠ h (y)} = tr{yΠ h (x)} for all x, y ∈ g . on φ, ψ and g, while
This remains a symmetry of the action since we only modified the variation of the X and
This result holds for a general sub-algebra h ⊂ g. When h is a Cartan subalgebra there are some important simplifications. For instance, we can drop the X X term from iQ 1 · X ; also (Q 1 ) 2 · X =∂X . Note, however, that (Q 1 ) 2 · g is not just a standard translation; even for A = 0 and h Cartan, we find (Q 1 ) 2 · g = gΠ h g −1∂ g.
Enhanced supersymmetry
We will now show that the supersymmetry can be further enhanced to the (0,2)+(0,4) structure. The first step is to establish the necessary U(1) × SU(2) R-symmetries with generators r and R a as in section 2.4. The U(1) generator r corresponds to a tracecompatible complex structure on h [72] . That is, a map I : h → h satisfying I 2 = −1 and tr h {xI(y)} = − tr h {I(x)y} for all x, y ∈ h . (5.19) This is an integrable complex structure on the corresponding Lie group H if I satisfies an analogue of the vanishing of the Nijenhuis tensor. 24 This holds for h abelian. Having chosen such an I, we take the non-trivial action of the R-symmetry generators as 20) where the K a are the three anti-commuting complex structures of the base M . Recall from section 2.4 that the three Hermitian forms J aµλ ≡ K ν aµ g νλ satisfy dJ a = β ∧ J a . These are symmetries of the full fibered action provided that the curvature F of the fibration is ASD, and H = − * g β, as in section 2.4.
Diagonal (0,2) supersymmetries
The remaining supercharges can be constructed via commutators of the R-charges and Q 1 , but there is a slight complication as compared to the construction given above: Because P ≡ Q 2 1 does not simply act as∂ on g, it is not obvious that the R-symmetries commute with P . However, an explicit computation shows this to be the case. We just give the details for
Using the ASD property of F we can also show
Let us show that Q 1 , P , R ≡ r + R 3 and Q 2 ≡ i[Q 1 , R] satisfy a (0,2) algebra. The statement is obvious on the base fields. On the WZW fields we find
Because R commutes with P , the algebra will close as expected provided we can show i[R, Q 2 ] = iQ 1 . This indeed holds:
Clearly we generate a second (0,2) symmetry by sending r → −r. and (0,4) generators R a , Q 0 , Q a and P with non-trivial commutators
The strategy is the same as in [27] . Using the two diagonal (0,2) sub-algebras constructed above, we define the generators
Since r annihilates the base fields, we see that r, q A , p leave (φ, ψ) invariant, while Q 0 , Q a , R a and P generate a (0,4) algebra on them, with the explicit generators acting as
The action on the WZW fields is
Using Jacobi identities we can show that the algebra will close to (0,2)+(0,4) if and only if
These are satisfied on (φ, ψ), so all that remains is to check the relations on g and X . The first two are obviously satisfied; next we have
It is also easy to see
Thus, the fibered WZW construction of the N V = 2, N H = 129 example from [1] realizes the expected (0,2)+(0,4) supersymmetry. It is indeed a heterotic flux vacuum, where the symmetry currents of T 2 (in this case enhanced to su(2) ⊕ u(1)) are gauged over a K3 base. The Chern-Simons form for the connection associated to the fibered su(2) contributes to H in the same fashion as that of the connection A for the left-moving fermions, but the requisite shift and accompanying terms in the action can already be seen at tree-level in α ′ .
Discussion
We explored a number of aspects of perturbative heterotic vacua with N=2 spacetime supersymmetry in four dimensions. The requirement of (0,2)+(0,4) worldsheet supersymmetry leads to stringent constraints on the background geometry and bundle, essentially reducing the non-trivial geometric structure to a choice of bundle over a K3 surface. The existence of these vacua requires a balancing between tree-level and one-loop terms in the α ′ expansion, and the massless deformations are constrained by flux quantization. We explored these effects from the worldsheet perspective, and the qualitative conclusion is that, as far as geometric vacua are concerned, we have a fairly complete description. This is should be contrasted with N=1 heterotic vacua, where there is not even a topological classification of base manifolds; moreover, genuine non-geometric vacua are expected to be at least as ubiquitous as geometric ones [77] .
The main motivation for our study was to understand how heterotic flux vacua fit into type II/heretoric duality. Fairly basic considerations lead to the hypothesis that the type II duals of heterotic vacua should be based on K3-fibered three-folds lacking a compatible elliptic fibration with section. Following this, we constructed a number of interesting potential dual pairs. It will be interesting to test the proposal in more detail and use it to extend the class of known dual pairs. One of the surprises of our exploration was the possibility of non-sequential Higgsing raised in section 4.2; it would be nice to settle this either affirmatively or negatively.
Another interesting direction to pursue is to explore the duality by starting with the d = 8 equivalence between F-theory on a K3 and the heterotic string on T 2 . 25 Fibering these dual descriptions over a base K3 should provide a concrete proposal not only for potential dual pairs but also for the map of the corresponding moduli spaces. This set of examples may also be a useful laboratory for exploring F-theoretic G-flux in a controlled (i.e. N=2 ) setting. We hope to return to these questions in the future.
A Details of the background field expansion
The computation of the effective action quoted in (2.16) proceeds in three steps, all of them reasonably well-understood.
First, we split the fields into a background and quantum contributions, using geodesic normal coordinates. We then expand the action about a background that satisfies the classical equations of motion, keeping terms quadratic in the quantum fields. This is sufficient to compute the effective action to quadratic order in A and S + . The necessary methodology is well described in [79] .
Second, we evaluate the quadratic contributions to the effective action. As these are one-loop computations, there is no need for supergraph machinery; instead, we compute directly using superspace OPEs, taking care to regularize divergences and evaluating contributions from certain canonical contact terms. The latter were described in [80] .
Finally, by using the background equations of motion, we isolate the non-covariant terms. We then check that the gauge variation of these terms can be canceled by adding a local counter-term and shifting B appropriately. Our final result agrees with [19] , but we hope that presenting the additional details makes the derivation a bit clearer.
A.1 Covariant background superfields
Let Φ(s) and Λ(s) denote a one-parameter family of fields with derivatives
that satisfy the parallel transport equationṡ
with ∇ s the covariant derivative constructed with the gauge connection A( Φ). The background (Φ, Λ) specifies the initial values Φ(0) = Φ and Λ(0) = Λ, and we take the quantum fields to be Σ ≡ Σ s=0 and X ≡ X s=0 . With this in mind, we obtain the action for the fluctuations by solving the geodesic equations in a power-series around s = 0 and expanding
The n-th term is the O(n) term in the expansion of the action in the fluctuating fields. The great virtue of this "geodesic expansion", appreciated early on [81, 82] , is that the resulting quantum action is explicitly target space diffeomorphism-invariant. As emphasized in [79] , extracting the terms order by order is greatly simplified by using a covariant derivative and not the naive d/ds. If we assume that the background fields satisfy the classical equations of motion (2.8), then the O(s) terms vanish, and the leading terms in the expansion of (2.7) have the action
H ≡ dB, and
The final step is to re-express the Σ µ in terms of the more convenient frame bundle fields Σ a . We introduce a vielbein e a µ and its inverse E aµ such that g µν = e a µ e a ν and write the action in terms of Σ a = e a µ Σ µ . The result is
ω is the torsion-free, metric compatible spin connection, and, as in (2.11),
A.2 The quadratic effective action
Having written down the quadratic action, we are ready to compute the one-loop corrections to the effective action that are quadratic in the background fields A, S ± and ω. This is a very special set of terms because we can compute them just by considering the terms in L 2 ; we do not need the O(s 3 ) or higher terms in the quantum action.
Free theory and supersymmetric contact terms
We expand around the free theory with action
where the correlator is to be evaluated with free field OPEs. The result, interpreted as a term in the effective action, is
As in the main text, the subscripts 1 and 2 refer to the superspace insertion of the field; thus A 1θ ≡ A µ (Φ(z 1 ))D 1 Φ(z 1 ), and
The Σ contributions
The O(S 2 + ) terms are somewhat more involved. The main complication is due to the logarithm in the Σ 1 Σ 2 OPE. The resulting logarithms lead to IR divergences in the z 1,2 integrals. To handle these we regulate the OPE in a supersymmetric manner. Introducing the supersymmetric invariants θ 12 ≡ θ 1 − θ 2 and ζ 12 ≡ z 12 − θ 1 θ 2 , we take the regulated two-point function to be
where ℓ is a regulating lengthscale. Note that this is still explicitly supersymmetric, because
is annihilated by (Q 1 + Q 2 ). With this regulator, we obtain
To simplify these terms, we first note that since D 1 ∆ 12 = z 12 θ 12 R −1 , the second term in Z vanishes. The second term in X has a simple ℓ → 0 limit:
while the second term in Y is actually a UV-divergent local term since
Thus, up to a local counter-term, we find ∆S Σ = ∆S 1 + ∆S 2 with
The second contribution looks complicated, but fortunately we need not consider it. Up to terms of higher order in the background and using the classical equations of motion for Φ and Λ, we find 12 and rewrite ∂A θ in a more convenient way up to background fields' equations of motion and higher order terms in A:
This agrees with the results originally obtained in [19] and quoted above in (2.16).
B N=2 Higgsing, sequential and otherwise
Consider an N=2 four-dimensional gauge theory with gauge group G (Lie algebra g) and hypermultiplets transforming in ⊕ α r α , where r α label irreducible representations of g. Each hypermultiplet has four real scalars, and each vector multiplet contributes an additional complex scalar. N = 2 supersymmetric vacua correspond to zeroes of the scalar potential, and the Higgs branch is the set of vacua where the vector multiplet scalars are set to zero.
To describe the remaining constraints on the hypermultiplet expectation values on the Higgs branch, it is convenient to use an N=1 superspace description, where a hypermultiplet in r is represented by two chiral multiplets Q and Q transforming in r and r respectively. 27 The constraints on the scalar expectation values then arise as N=1 D and F terms [85] . Denoting the Hermitian generators of g in r α by M rα , the supersymmetry conditions are that for every M rα we have (F-terms)
For general G and matter content this describes a complicated hyper-Kähler quotient space.
In general this is a reducible affine variety with many components of different dimensions and with different unbroken gauge symmetry. Some well-studied cases are the classical gauge groups with matter in fundamental representations [85, 86] ; more recently there has been interesting work on more exotic theories, e.g. [87] [88] [89] . However, we are not aware of any algorithmic answer even to the very coarse question of when G can be broken completely. Since the N = 2 Higgs mechanism requires a vector multiplet to eat a full hypermultiplet, it is clear that a necessary condition is that the number of G-charged hypers should be greater than dim G. However, this is certainly not sufficient. For instance [86] , for G = SO(n c ) with n f hypermultiplets in n c this necessary condition for complete Higgsing is 2n f ≥ n c − 1, but full Higgsing is only possible when n f ≥ n c .
It is much simpler to give sufficient conditions for partial Higgsing. For instance, suppose we have a hypermultiplet in a real representation r, so that the generators M r can be taken to be pure imaginary and hence anti-symmetric. Then it is easy to see that Q = Q = v for any real vector v ∈ r will solve the F-and D-terms. The unbroken gauge group is then the stabilizer subgroup H ⊂ G of the real vector v. In particular, we can always Higgs SO(n c ) with n f fundamental hypermultiplets to H = SO(n c − 1), n f − 1 fundamental and n f H-neutral hypermultiplets.
When r is complex or pseudo-real it is not in general possible to Higgs the theory by just giving an expectation value to a single hypermultiplet. The classic example of this is G = SU(n c ) with a single hypermultiplet in the fundamental [85] . Denoting the color index by i, the D-and F-term equations are equivalent to
Without loss of generality we can assume Q = 0; the first equation then requires Q = 0 and ν = 0, in which case the second equation has no solution. We can do better when there are two or more hypermultiplets transforming in r. Denoting the N = 1 components of two of these by (Q, Q) and (q,q), we can solve the D-terms by setting Q = 0, q = 0, andq † = Q = v for some v ∈ r.
The E 7 theory with k half-hypermultiplets in 56
Having covered those basic generalities, we turn to the E 7 example discussed in the text. For k ≥ 4 there are at least two full hypermultiplets in the pseudo-real 56, and by the discussion above we see that we can Higgs E 7 to a stabilizer of a complex vector v ∈ 56. From the decomposition of 56 = 27 + 27 + 2 × 1 under an E 6 subgroup, we see that we can choose v so that the stabilizer is E 6 . On this Higgs branch we obtain k − 2 hypermultiplets in 27 and (k − 1) E 6 -singlets. If we assume k > 4, then using the steps outlined above, we proceed to further sequential breaking via When k > 5 there is plenty of matter to break SU(3) completely, but for k = 5 this sequence does not allow full breaking. When k = 4 this chain terminates at SO (8) .
Possible non-sequential Higgsing
There is, however, another possibility: instead of breaking the gauge groups in steps, we might try to contrive the expectation values in such a way as to break the full group at once. In making such an attempt, there are two questions to consider: can we assign expectation values so that the stabilizer (i.e. the little group) of the configuration is trivial? can we do so while preserving supersymmetry? As far as trivial stabilizer is concerned, the answer is affirmative. A complex vector v in the 27 of E 6 has four E 6 invariants that can be constructed from the invariant tensors δ a b and d abc of the fundamental representation:
(B.5)
These can be identified in a reasonably straightforward fashion by decomposing 27 with respect to SO(10) [90] or to SU(3) 3 [91] . An octonionic discussion in terms of SL(3, O) representations was given in [92] . The stabilizer of v depends on the values of the invariants. It is certainly possible to choose them so that v is stabilized by either F 4 or SO (10) . However, the most generic choice leads to a smaller stabilizer of SO (8) . Two more independent vectors of 27 are sufficient to reduce the stabilizer from SO(8) to 1. The real question, however, is whether the expectation values of the 3 27s can be chosen to lead to trivial stabilizer and to satisfy the supersymmetry conditions. We have not been able to find such a solution, nor have we been able to show that complete breaking is impossible. As a final point, we note that the failure of the particular sequence of Higgsing above should not dismay us. 28 For instance, in a SQCD theory with G = SU(2r) and n f = 2r flavors there is a Higgs branch with an unbroken SU(r) symmetry and no charged matter, but there is also a branch where G is completely broken [85] .
